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Abstract We theoretically study a circuit quantum electrodynamics (QED)
architecture with superconducting flux qubits. The qubit is coupled to the
transmission line resonator by an ac current originating from the current mode
of the resonator. Ultrastrong coupling can be obtained by varying the capaci-
tance between the qubit and the resonator. We propose a scalable design where
the two-qubit coupling can be achieved.
Keywords circuit quantum electrodynamics · flux qubit · ultrastrong
coupling · scalable design
1 Introduction
An artificial two level system can be coupled with the quantized electromag-
netic field in a superconducting transmission line resonator, while a natural
atom is coupled with cavity. This circuit quantum electrodynamics (QED)
architecture [1,2] is a solid-state analog of cavity QED, providing a strong
coupling strength between the qubit and resonator owing to the large dipole
moment of the artificial qubit. The circuit QED scheme has been applied to
superconducting qubits among which the flux qubit [3,4,5] has the advantage
of fast gate operation because the flux qubit does not require low anharmonic-
ity for long coherence time. There have been many studies for the circuit QED
with the superconducting flux qubit [6,7]. However, the inductive coupling be-
tween the flux qubit and the transmission line resonator of the circuit is too
weak to perform the quantum gate operation.
Recently a galvanic coupling scheme for the circuit QED with the flux
qubits has been proposed to enhance the coupling strength by sharing the
flux qubit loop with the resonator transmission line [8,9,10]. On the other
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hand, for the scheme with ac current coupling between the flux qubit and the
transmission line resonator [11,12,13,14], the qubit and the resonator are not
galvanically coupled with each other, but by a ac current flowing through the
capacitance between the qubit and the resonator. In this scheme the three-
junctions flux qubit is coupled by ac current, similarly to the superconducting
phase qubit [15,16,17,18]. While the states of phase qubit are defined in terms
of the phase degrees of freedom in a washboard type potential, the present
flux qubit uses the persistent current states as qubit states. The qubit state
preparation and the quantum gate operation are achieved by the ac current.
Indeed, the present flux qubit thus has the advantages of phase qubit such as
fast qubit operation and readout, individual addressing, and scalability.
This ac current coupling has recently been implemented in experiments
where three-junctions flux qubit is located at the end of the resonator [12,13,
14]. In this study, we introduce a scalable design where qubits are located at
the nodes of the resonator current mode so that many qubits can be controlled
by using a higher harmonic mode of resonator current. We propose a qubit
scheme which can provide ultrastrong coupling. The ultrastrong coupling can
perform numerous quantum optics effects in solid state device [10,19] and
provide a long coherence time [20] in addition to a fast qubit operation [21]. In
the qubit scheme the capacitance between the qubit and the resonator can be
controlled by varying the width of capacitance line, extended from the qubit
loop, and the distance between the capacitance line and the transmission line
resonator. In the scalable design the qubit-resonator coupling depends on the
number of qubits in the circuit. By varying number of qubits we calculate
the qubit-resonator coupling which shows a maximum of ultrastrong coupling
with reasonable parameter values. Further we analyze the xy-type interaction
between two qubits which can also reach ultrastrong coupling regime.
2 Circuit-QED with superconducting flux qubits
Usually the transmon qubit is coupled with the voltage mode of the transmis-
sion line resonator through a capacitance [1,2,22]. For superconducting flux
qubits, there have been many studies to couple the flux qubit with the current
mode of the transmission line resonator by using mutual inductance between
the qubit loop and the resonator [6,7] or by sharing the qubit loop with the
resonator [8,9,10]. On the other hand the three-junctions flux qubit can also
be coupled with the transmission line resonator through a capacitance, but
in this case it is coupled with the ac current from the resonator. Ac current
flowing across the capacitance gives rise to the coupling between the qubit and
the resonator [11,12,13,14].
We consider a qubit design shown in Fig. 1(a), where the three-junctions
flux qubits are located at the nodes of the current mode of the resonator. In this
scalable design the qubits are coupled with the transmission line resonator by a
capacitance line extended from the qubit loop. The width w of the capacitance
line and the distance d between the capacitance line and the resonator can be
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adjusted to determine the capacitance between the qubit and the resonator.
Two capacitors at the ends of the resonator are introduced for the current
mode of the resonator to be periodic in a scalable design.
The microwave passing through the uniform resonator in the circuit QED
architecture can be described as a one-dimensional motion by the Lagrangian
L(θ, θ˙; t) =
∫ L
2
−L
2
(
l
2
(θ˙(x, t))2 − 1
2c
(∇θ(x, t))2
)
dx, (1)
where l and c are the inductance and the capacitance per unit length of the uni-
form transmission line resonator, respectively, and θ(x, t) =
∫ x
−L/2 dx
′q(x′, t)
with the linear charge density q(x) is a collective field variable. In the present
design the resonator is not uniform any more. We thus start with the equation
of motion of the field variable in the sector k of the resonator given by the
Euler-Lagrange equation
1
ck
∂2θk(x, t)
∂x2
− l ∂
2θk(x, t)
∂t2
= 0 (2)
with the capacitance density ck of sector k.
By representing the field variable as a product of spatial and temporal
parts θk(x, t) = Xk(x)φ(t), we get the equation for the spatial part wavefunc-
tion (1/ck)(∂
2/∂x2)Xk(x) + lω
2
rXk(x) = 0. From this equation we can readily
x
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Fig. 1 (a) A schematic diagram for a scalable design of circuit QED with superconducting
three-junctions flux qubits. Here we show, for example, two qubits. The dc-SQUIDs between
qubit and ground plane plays the role of switching the coupling between qubit and resonator.
The capacitance line has the width of w and the distance between the capacitance line and
the resonator is d. (b) Current profiles when there are nine qubits in the circuit of (a) for
(d0/d, w/w0) = (1, 1), (5, 10), (15, 30). Nine current jumps appear at qubit sites, and grow
as the width w of capacitance line increases.
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observe that (1/ck)∂Xk(x)/∂x and Xk(x) are continuous at the boundary be-
tween the sectors, which means the continuity of electric potential Vk(x, t) =
(1/ck)∂θ(x, t)/∂x = (1/ck)∇Xk(x)φ(t) and current I(x, t) = ∂θ(x, t)/∂t =
X(x)φ˙(t) at the boundaries.
Let’s consider the case that the number of qubit N is odd. Then the spatial
part X(x) (−N − 1 ≤ k ≤ N + 1) of the wavefunction is written as
X(x) =


A−N−1ei
j2pi
L
x +B−N−1e−i
j2pi
L
x (−L2 < x < −L2 + w2 )
...
Akoe
i
j1pi
L
x +Bkoe
−i j1pi
L
x (xko−1,+ < x < xko+1,−)
...
Akee
i
j2pi
L
x +Bkee
−i j2pi
L
x (xke− < x < xke+)
...
AN+1e
i
j2pi
L
x +BN+1e
−i j2pi
L
x (L2 − w2 < x < L2 ),
(3)
where xk± = kN+1
L
2 ± w2 , x−N−1,− = −L2 , and xN+1,+ = L2 with ke (ko) being
even (odd) integer among k = 0,±1,±2, ...,±(N + 1). The capacitance line
covers the range xke− < x < xke+ where a qubit is located. In this region we
set ck = c
′ and jk = j2. Otherwise, we set ck = c and jk = j1 in the region
xko−1,+ < x < xko+1,− where there is no qubit [see, for example, Fig. 2]. From
the equation for Xk(x) we obtain
1√
lc
j1π
L
=
1√
lc′
j2π
L
= ωr. (4)
The conditions for continuity of X(x) at, for example, x = xko−1,+ and
x = xke− are given by
Ako−1e
i
j2pi
L
xko−1,++Bko−1e
−i j2pi
L
xko−1,+=Akoe
i
j1pi
L
xko−1,++Bkoe
−i j1pi
L
xko−1,+ ,(5)
Ake−1e
i
j1pi
L
xke−+Bke−1e
−i j1pi
L
xke−=Akee
i
j2pi
L
xke−+Bkee
−i j2pi
L
xke− (6)
with k = 0,±1,±2, ...,±N,N + 1, respectively, and the boundary conditions
at both ends of resonator are
A−N−1e−i
j2pi
2 +B−N−1ei
j2pi
2 = 0, (7)
AN+1e
i
j2pi
2 +BN+1e
−i j2pi
2 = 0. (8)
From the condition for continuity of (1/ck)dXk(x)/dx similar equations are
also obtained.
In order to categorize the boundary conditions into even parity and odd
parity parts we set ke = −ko + 1 and use the relation x−ke,o,± = −xke,o,∓ to
represent, for example, Eq. (5) in terms of ke and Eq. (6) in terms of ko. Then,
all boundary conditions can be transformed into two sets with the variables of
either (i) A−k+Bk or (ii) A−k−Bk. Each set can be treated as an independent
eigenvalue problem. If the determinant of the matrix corresponding to set (i)
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is non-zero while that for (ii) is zero, we have an odd parity solution such
as A−k = −Bk. Around the central qubit site the solution becomes X0(x) ∼
A0 sin
j2pi
L x. On the contrary, if the determinant for (i) is zero while that for
(ii) is non-zero, we have an even parity solution such as A−k = Bk and thus
X0(x) ∼ A0 cos j2piL x. For the case that the number of qubits N is even, a
similar analysis can also be performed.
The Lagrangian in Eq. (19) of the resonator modes can be written as
L(φ, φ˙) = L
(
l
2µφ˙
2 − 12cκφ2
)
with dimensionless constant µ = (1/L)
∑
k
∫ L/2
−L/2X
2
k(x)dx
and κ = (1/L)
∑
k
∫ L/2
−L/2(c/ck)(∇Xk(x))2dx. If we introduce the representa-
tions
φ˙(t) =
−i√
2µ
√
h¯ωr
Ll
(a− a†), (9)
φ(t) =
1√
2κ
√
h¯ωrc
L
(a+ a†), (10)
the Hamiltonian of the resonator modes is written in a diagonalized form
Hr = h¯ωr(a
†a+ 12 ). The current I(x, t) = X(x)φ˙(t) is then given by
I(x, t) = −iX(x)√
2µ
√
h¯ωr
Ll
(a− a†). (11)
In Fig. 1(b) we show the resonator current profiles for 9 qubits, which is
calculated numerically by using 10th harmonic mode of the resonator current.
In the figure we can observe current jumps at the nodes of the current profile
x
x x
xL/2-L/2 w/2-w/2 0 (L-w)/2-(L-w)/2
c
c'c'
(a)
(b)
Ff1 f2f3
d d0
w0
k1 k2
x
Fig. 2 (a) A superconducting three-junctions flux qubit where w0 is the width of qubit loop
and d0 the distance between the resonator and the ground plane. The upper superconducting
plane is the transmission line resonator and the lower is the ground plane. The arrows show
the current in the circuit corresponding to the second harmonic current mode. (b) The
schematic diagram for the circuit in (a), where c and c′ are the capacitance density between
the resonator and the ground plane and between the resonator and the qubit, respectively.
The three Josephson junctions with phase difference φi are located asymmetrically.
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where qubits are located. These jumps increase along with w/w0 and d0/d
with w0 and d0 denoted in Fig. 2 (a). The qubit-resonator coupling strength
depends on the current jump as will be seen in the following.
For a single qubit case we can solve the problem analytically. In Fig. 2(a)
the qubit is located at the node of the second harmonic mode of the resonator
current. The resonator and the qubit are coupled by an ac current flowing into
the qubit through the capacitance in the region −w/2 < x < w/2. The ac
current is given by
Ib(t) =
∫ w/2
−w/2
q˙(x, t)dx = I
(w
2
, t
)
− I
(
−w
2
, t
)
(12)
from the current conservation condition q˙(x, t) = ∂I(x, t)/∂x in the resonator.
Beyond the region −w/2 < x < w/2 ac current flows from the resonator to the
ground plane directly through the capacitors with small capacitance density c
in Fig. 2(b). The amplitude of ac current in Eq. (12) is given by
I0 =
√
h¯ωr
Ll
δ with δ = 2
X(w2 )√
2µ
, (13)
where δ corresponds to the current jump in Figs. 1 and 3. Since the amplitude
of current I(x, t) in Eq. (11) satisfies the condition, (1/L)
∑
k
∫ L/2
−L/2(Xk(x)/
√
2µ)2dx =
0.5, δ has the maximum value of
√
2 when the current profile takes the rect-
angular function form.
In Fig. 1(a) dc-SQUIDs are inserted between the qubit and the ground
plane for switching on/off the qubit-resonator coupling. Φxk and Φsk are the
external and switching flux for k-th qubit, respectively. The present flux qubit
is coupled with the resonator through the ac current flowing across the ca-
pacitance between the qubit and the resonator. Hence, if we switch off the ac
current by piercing a half-flux quantum into the dc-SQUID loop, the qubit
and the resonator can be decoupled from each other. If the self inductance
and the Josephson junction energy of the dc-SQUID loop is as small as those
of the flux qubit, we have the boundary condition φa + φb − 2πΦsi/Φ0 ≈ 0
for i-th dc-SQUID, where φa and φb are the phase differences across the
Josephson junctions in the dc-SQUID. Then the total Josephson junction
energy is written as EJJ = −EJ,eff(Φsi) cos[(φa − φb)/2] with EJ,eff(Φsi) =
2EJ cos[(φa+φb)/2] = 2EJ cos(πΦsi/Φ0), and the current flow can be blocked
for the switching flux Φsi = Φ0/2 because EJ,eff(Φ0/2) = 0. This can be un-
derstood in another way: the effective Josephson inductance of the dc-SQUID,
LJ = (Φ0/2π)
2/EJ,eff(Φsi), becomes infinite for Φsi = Φ0/2. Therefore, there
can be no current flowing through, and thus the qubit-resonator coupling is
switched off.
However, the boundary condition φa + φb − 2πΦsi/Φ0 ≈ 0 is just an ap-
proximation neglecting an induced flux. Including the induced flux due to
the current flowing through the dc-SQUID loop, the boundary condition is
replaced by φa + φb − 2πft = 0, where ft = (Φsi + L′sI ′)/Φ0 with the self in-
ductance L′s and the current I
′ of dc-SQUID loop [23]. For a sufficiently small
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dc-SQUID loop the self inductance L′s and thus the induced flux Φind = L
′
sI
′
are negligible. However, in general, since the effective Josephson coupling en-
ergy becomes EJ,eff(Φsi) = 2EJ cos[(φa + φb)/2] = 2EJ cos[π(Φsi +L
′
sI
′)/Φ0],
the external flux should be adjusted as Φsi = Φ0/2 − L′sI ′ in order to switch
off the interaction.
3 Ultrastrong qubit-resonator coupling
When the qubit is located at the center of the resonator, the spatial part X(x)
should be an odd function, because the ac current of Eq. (12) vanishes if X(x)
is an even function for −w/2 < x < w/2. In this case the determinant of
matrix corresponding to set (ii) of boundary conditions in section 2 should be
zero, resulting in
e
ij1pi
2 (1− 2wL ) = ±cj2 cos
j2pi
2
w
L − ic′j1 sin j2pi2 wL
cj2 cos
j2pi
2
w
L + ic
′j1 sin j2pi2
w
L
. (14)
The values of j1, j2 and ωr are determined from Eqs. (4) and (14). For uniform
capacitance density c′ = c, j1 and j2 are integers, but in general they are non-
integer depending on the ratio c′/c.
The spatial part Xk(x) (−2 ≤ k ≤ 2) can be obtained by solving the
boundary conditions in section 2 for N = 1. The set (i) of boundary conditions
in section 2 provides the relation A−k = −Bk, and the coefficients Ak and Bk
are determined from the set (ii) of boundary conditions as
B2 = −eij2piA2, (15)
A1 = − 1
j1
e
ipi
2 (j2−j1(1−wL ))
(
−cj2
c′
cos
j2π
2
w
L
+ ij1 sin
j2π
2
w
L
)
A2, (16)
B1 = − 1
j1
e
ipi
2 (j2+j1(1−wL ))
(
cj2
c′
cos
j2π
2
w
L
+ ij1 sin
j2π
2
w
L
)
A2, (17)
A0 =
c′j1
2cj2 cos
j2pi
2
w
L
(
ei
j1pi
2
w
LA1 − e−i
j1pi
2
w
LB1
)
. (18)
In Fig. 3 (a) we show the current profile I(x) = X(x)√
2µ
√
h¯ωr
Ll , where we set
w0/L = 10
−4 corresponding to w0 = 1µm when L = 10mm. In the spatial
part wave function X(x) for N = 1 the remaining coefficient A2 is a common
factor in the numerator and denominator of I(x), and thus is cancelled out.
A finite current jump develops around the qubit location at the center of the
resonator. Here, for simplicity, we assume that the capacitance c′ between the
resonator and the capacitance line increases linearly along with w/w0 and d0/d
such that c′ = (wd0/w0d)c. When c′ ≫ c, almost all current flows through the
qubit at the center and the capacitors at the ends of the resonator, while just
a weak current flows directly to ground through the small capacitance density
c. As a result, we can observe a sharp change of current in Fig. 3.
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Fig. 3(b) shows the central part of current profile closed by a dotted el-
lipse in Fig. 3(a) for various w/w0 with fixed d0/d, demonstrating a larger
jump for larger w/w0. At the boundary (x = ±w/2), the electric potential
(1/ck)∂Xk(x)/∂x is continuous. Fig. 3(c) shows the currents for various d0/d
with fixed w/w0, which shows the jump also grows along with d0/d. These
figures show that the current jump δ grows along with both w/w0 and d0/d,
and finally saturates at
√
2.
The coupling strength between the resonator and the three-junction flux
qubit is given in terms of the amplitude of the bias-current I0. If the three-
junctions flux qubit is penetrated by a magnetic flux of half flux quantum Φ0/2,
there are two current states in the qubit loop. The clockwise and counterclock-
wise current states correspond to the local minima in the effective potential of
the qubit loop. Here we consider the usual Josephson junction energies such
that EJ1 = 0.8EJ2 and EJ2 = EJ3 in the three-junction flux qubit of Fig. 2
[4,5,24]. In this case the phase difference α across the small Josephson junc-
tion can be obtained from Eq. (23) of Ref. [5] with λ = EJ1/EJ2 = 0.8 and
η ≈ EL/EJ2 = 50 with EL being the characteristic inductive energy, resulting
in α ≈ 0.38π.
When a bias current Ib is applied to the flux qubit where three Joseph-
son junctions are located asymmetrically in the loop as shown in Fig. 2, the
Ll /
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x
I
r
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d
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(
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x
I
r
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x
I
r
(c)
Fig. 3 (a) Current profile of single qubit case for various w/w0 with d0/d = 10 and w0/L =
10−4. The amount of jump δ around x ≈ 0 increases along with w/w0. (b) The enlarged
current profile around the jump inside the dotted ellipse in (a) for various w/w0 with d0/d =
10 and (c) for various d0/d with w/w0=20. Thin dotted lines indicate the boundary position
x = w/2, the end of the capacitance line. As w/w0 and d0/d increase, the jump grows and
finally saturates.
Title Suppressed Due to Excessive Length 9
Lagrangian can be written as [11]
L(φi, φ˙i) =
3∑
i=1
1
2
Ci
(
Φ0
2π
)2
φ˙2i − Ueff({φi}), (19)
Ueff({φi}) =
3∑
i=1
EJi(1− cosφi) + Φ0Ib
4π
(φ1 + φ3 − φ2)
+
Φ20
2Ls
(
n+ f − 1
2π
3∑
i=1
φi
)2
, (20)
where Ci is the capacitance of junction, Ls is the self inductance of the qubit
loop, and f = Φx/Φ0 with an external flux Φx threading the qubit loop and
the superconducting unit flux quantum Φ0 = h/2e.
In the present circuit-QED scheme the current flowing into the qubit with
width d is given by Ib(t) = −iI0[a(t) − a†(t)]. Then the total Hamiltonian
HJC = Hr +Hq +HI given by the sum of the Hamiltonian for the resonator
mode, for the qubit, and for the interaction between the resonator mode and
the qubit is written as a Rabi type Hamiltonian [11]
H = h¯ωra†a+ h¯ωa
2
σz + igσx(a− a†), (21)
where ωa is the qubit frequency and the last term represents the coupling
between the qubit and the current mode in the resonator [11,14], which is
2.4
1.2
3.6
w/w0  d                             /d0 20
40
60
10
11
20
30
h 0
0.45
0.90
1.35
1.80
2.25
2.70
3.15
3.60
Fig. 4 Coupling constant g for the single qubit case in the plane of (d0/d, w/w0) with
the resonator impedance Z = 50Ω. g has a maximum value corresponding to a ultrastrong
coupling. At the bottom the contour plot of g is shown.
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different from gσx(a + a
†) in the transmon case. The coupling strength g is
given by a product of flux variable and bias current
g =
Φ0
2π
αI0 (22)
similarly to the superconducting phase qubit [17,25]. Here we have the phase
difference α because the two phases in different sides of the qubit cancel each
other out. Thus an asymmetrical layout of Josephson junctions in qubit loop
can provide a finite coupling strength g.
Since the amplitude of ac current I0 is given in terms of the current jump in
Eq. (13), the coupling strength g depends on the current jump δ. The coupling
constant can be rewritten as
g
h¯ω0r
=
αΦ0
2π
√
ωr
ω0r
1√
Ll
δ√
h
2pi
pi√
lcL
=
α
π
Φ0√
hZ
√
ωr
ω0r
δ√
2
, (23)
where ω0r = π/
√
lcL is the frequency of the 1st harmonic mode of the uniform
resonator and Z =
√
l/c is the impedance of the resonator [26]. In Fig. 4 we
show the coupling constant g in the plane of (d0/d, w/w0) for Z = 50Ω with
Ll =2.5nH and Lc =1pF [7,8], and thus Φ0/
√
hZ ≈ 11.37.
h
2
/d
4
8
4
6
2
0
0
0.0
0.5
1.0
Fig. 5 (a) The current jump δ for N =1, 2, 5, 9 qubits in the circuit of Fig. 1 as a function
of w/w0 along the diagonal line w/w0 = 2d0/d in the bottom of Fig. 4. δ/
√
2 increases
along with w/w0 and saturate to 1 finally. (b) The resonator frequency wr decreases as
w/w0 increases. (c) The coupling constant g shows a maximum which is larger for more
number of qubits.
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In the case for more than one qubit in the circuit we calculate the coupling
strength numerically. In Fig. 5 the behaviors of the current jump δ, the res-
onator frequency ωr, and the coupling g along the diagonal line w/w0 = 2d0/d
in the plane of (w/w0, d0/d) in Fig. 4 are shown. Large capacitance c
′ en-
ables more charges to flow across the qubit, resulting in large ac current and
thus large jump in Fig. 5(a). However the frequency of the resonator mode
ωr becomes small for large c
′. The increase of w/w0 and d0/d makes the av-
erage capacitance of the resonator larger, and thus the resonator frequency
ωr ∼ 1/
√
c′ smaller [Fig. 5(b)]. As a result, the coupling g in Eq. (23) demon-
strates a maximum because ωr decreases while δ increases [Fig. 5(c)]. From
Figs. 5 (b) and (c) it is shown that the ultrastrong coupling regime (g ∼ h¯ωr)
is achievable with w and 1/d of just several multiples of w0 and 1/d0. If there
is one qubit in the circuit, the coupling shows a maximum where the coupling
g ∼ 3h¯ω0r reaches deep strong coupling regime (g > h¯ωr) [19,21,27].
If there are N qubits in the circuit, we can perform similar calculations
numerically. For N qubits we need (N+1)th harmonic mode in the resonator,
and thus ωr has larger value for more number of qubits [Fig. 5(b)]. Higher
modes have a shorter wave length, and thus larger amount of ac current flows
from the capacitance line of width w to the qubit. Indeed, the current jump δ
becomes larger for more number of qubits [Fig. 5(a)]. As a result, the coupling
g in Eq. (23) increases along with the number of qubits N [Fig. 5(c)]. Actually
we have calculated the maximum coupling strength for N = 1, 3, 5, 7, 9 and
found that the increasing rate slightly decreases. In the present scheme the dc-
SQUIDs switch on just two qubits for qubit-qubit interaction, keeping other
qubits switched off. Since only two qubits are coupled in the design, the col-
lected decoherence rate will be not so much different from that of independent
qubit.
There are some disadvantages in our scheme. Actually, we use a higher
resonator mode in the design containing many qubits as shown in Fig. 1.
However, it is known that the higher modes of the resonator have low quality
factor which is proportional to 1/N for N-th mode [28]. In the present study we
consider only one mode, namely (N+1)-th mode for N qubits in one resonator.
In order to be more accurate one should consider the multi mode effect. This
effect is manifest, for example, in the studies of relaxation process of circuit-
QED scheme by the Purcell effect [29] and of multi mode mediated qubit-qubit
coupling [30,31]. A fuller treatment of the multi mode effect may be deferred
to a future study.
In our scheme the flux qubit is coupled with the transmission line res-
onator through a capacitance. The structure of present current-biased flux
qubit coupled with the ac current of resonator is very similar to the usual
current-biased dc-SQUID qubit (phase qubit) [32]. The only difference is the
number of Josephson junctions in the qubit loop, that is, the present qubit has
three Josephson junctions and the phase qubit one or two junctions. In the
present scheme the capacitance is introduced in order to couple the qubit with
external current, and thus the main decoherence may come from the dephasing
due to the noise of current flowing through the capacitance.
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The current noise-induced dephasing of the phase qubit is given by <
φ2 >∼ (S∗q (1Hz)/C)/∆U [33], where S∗q (1Hz) is the noise spectral density, C
the junction capacitance, and ∆U the barrier height of tilted potential. Since
the noise spectral density scales as the junction area which is proportional
to the junction capacitance, S∗q (1Hz)/C is independent of the junction size
[33]. Thus we can compare the dephasing rates of the present qubit and the
phase qubit by estimating the barrier height of potential, ∆U . The barrier
height of the phase qubit is given by ∆U = (2
√
2I0Φ0/3π)(1 − I/I0)3/2 ≈
2EJ(1 − I/I0)3/2 with the Josephson coupling energy EJ = I0Φ0/2π, the
junction critical current I0, and the junction bias current I [33]. Since the
junction bias current is typically driven close to the critical current such as
(1− I/I0) ∼ 10−2 [32], the barrier height becomes very small, ∆U ≈ 0.002EJ ,
which results in the severe dephasing < φ2 > in the phase qubit. However, for
our flux qubit we need not the dc-bias current I and thus ∆U ′ in the double
well potential of qubit is very large compared to the phase qubit. For typical
flux qubit with smaller junction of E′J1/E
′
J2 ≈ 0.8 we have ∆U ′ ∼ 0.2E′J2
and the ratio of Josephson coupling energy of typical flux qubit to that of
the phase qubit is E′J2/EJ ∼ 0.1. Hence the barrier height of present qubit
∆U ′/∆U ∼ 10, which results in small dephasing rate compared to the phase
qubit.
4 Two-qubit coupling
Single qubit gates can be performed by applying an external driving mode
HD = ǫa†e−iωdt + ǫ∗aeiωdt. The total Hamiltonian is written as Ht = HJC +
HD, where HJC is a Jaynes-Cummings type Hamiltonian in the rotating wave
approximation (RWA) of H in Eq. (21) [34]. By using the transformation
D(γ) = eγa†−γ∗a with γ(t) = −(ǫ/∆r)e−iωdt and ∆r = ωr − ωd, we can get
the transformed Hamiltonian H˜ = D†HtD − iD†D˙ given by
H˜ = ∆ra†a+ ∆a
2
σz − ig(a†σ− − aσ+) + ΩR
2
σy (24)
with ∆a = ωa − ωd. In the dispersive regime |∆| ≫ g with ∆ = ωa − ωr
the coupling between qubit and resonator can be eliminated by introducing
the transformation H∗ = U†H˜U with U = e−i g∆ (a†σ−+aσ+), resulting in H∗ ≈
∆ra
†a+ ∆a2 σz + χ(a
†a+ 12 )σz +
ΩR
2 σy with the ac-Stark shift χ = g
2/∆.
The universal gate in quantum computing requires a two-qubit gate in
addition to the single qubit operation. In the scalable design of Fig. 1(a) the
two-qubit Hamiltonian is given by
H2qubit = ωra
†a+
∑
j=1,2
ωaj
2
σzj − i
∑
j=1,2
gj(a
†σ−j − aσ+j) (25)
in the rotating wave approximation for weak coupling strength gj/ωaj ≪ 1
[34].
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The two-qubit Hamiltonian of Eq. (25) can be represented as H2qubit =
Hcavity ⊗Hqubit1 ⊗Hqubit2 and we introduce a transformation matrix
U2 = e−i
ϕ1√
2
(a†σ−1+aσ+1)−i ϕ2√
2
(a†σ−2+aσ+2) (26)
in the same basis. Then the Hamiltonian H2qubit and the transformation ma-
trix U2 can be written in a block-diagonal form by slightly changing the order of
basis. For simplicity, we consider nominally identical qubits, ωa1 = ωa2 = ωa,
g1 = g2 = g, and thus ϕ1 = ϕ2 = ϕ, and then the lowest block involving the
resonator photon number n = 0 and 1 in the Hamiltonian is represented in
the basis {|1 ↓↓〉, |0 ↑↓〉, |0 ↓↑〉}. Here | ↑〉 and | ↓〉 are the qubit states, and |0〉
and |1〉 are the photon number states.
Then we can easily check that if the condition tan 2ϕ = 2
√
2g/∆ is sat-
isfied, the transformed Hamiltonian H˜2qubit = U†2H2qubitU2 becomes block-
diagonalized further, and describes the xy-type coupling between two states,
|0 ↑↓〉 and |0 ↓↑〉, with the coupling constant
J =
g√
2
tanϕ. (27)
J can be explicitly evaluated with above condition to provide the interaction
Hamiltonian
Hint = ± g
2√(
∆
2
)2
+ 2g2 + |∆|2
(σ−1σ+2 + σ+1σ−2), (28)
where the sign is + for ∆ > 0 and − for ∆ < 0 because g > 0. In the circuit-
QED architecture the interaction between the resonator mode and the qubit
can be discussed separately in the on-resonance regime (|∆| = |ωa − ωr| ≈ 0)
and the dispersive regime (g/|∆| ≪ 1) [35]. This expression holds for the
on-resonance regime as well as for the dispersive regime. In the on-resonance
regime the interaction term becomes Hint ≈ ±(g/
√
2)(σ−1σ+2 + σ+1σ−2).
In real experiments, however, the two flux qubits may not be identical
because of the different Josephson junction energies between two qubits. Then
the qubit frequencies ωaj with j = 1, 2 as well as the phase difference αj ’s
across the small Josephson junction are different from each other. Further, the
capacitance density c′ around each qubit may also be different. As shown in
Fig. 3 the current jump δ depends on the capacitance density c′. As a result,
the qubit-resonator coupling strength gj in Eq. (23) are also different from
each other.
For this general case we can obtain the two-qubit interacting Hamiltonian
in the dispersive regime. Since the condition tan 2ϕ = 2
√
2g/∆ can be re-
duced to ϕ ≈ √2g/∆ in the dispersive regime |∆j | = |ωaj − ωr| ≫ gj, the
transformation in Eq. (26) is approximately given by
U2 = e
−i g1
∆1
(a†σ−1+aσ+1)−i g2∆2 (a
†σ−2+aσ+2). (29)
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Then we can obtain the transformed Hamiltonian H˜2qubit = U
†
2H2qubitU2,
resulting in
Hint =
1
2
(
1
∆1
+
1
∆2
)
g1g2(σ−1σ+2 + σ+1σ−2) (30)
which can also be seen in the Halimtonian for circuit-QED with superconduct-
ing charge qubits [2]. In the dispersive limit we can check that the Hamiltonian
in Eq. (28) can be reduced to that in Eq. (30) for identical two qubits with
∆1 = ∆2 and g1 = g2.
5 Summary
In summary, we proposed a circuit QED architecture with superconducting
flux qubits. The three-junctions flux qubit is coupled with the resonator by
an ac current flowing through the capacitance between the qubit and the res-
onator. We introduced a scalable design with superconducting flux qubits,
where the capacitance line extended from the qubit loop takes the role of
leading the oscillating current into the qubit loop. As the capacitance between
qubit and resonator increases, larger current flows through the qubit while the
resonator mode frequency decreases. As a result, the qubit-resonator coupling
shows a maximum of ultrastrong coupling with reasonable parameter values.
The qubit-resonator coupling increases along with the number of qubits be-
cause a higher harmonic mode should be adopted. Two-qubit xy-type interac-
tion can also be obtained from a scalable design for circuit QED architecture.
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